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We study string theory on the extended spacetime of the BTZ black hole, as described 
by an orbifold of the SL(2,R) WZW model. The full spacetime has an infinite number of 
disconnected boundary components, each corresponding to a dual CFT. We discuss the 
computation of bulk and boundary correlation functions for operators inserted on different 
components. String theory correlation functions are obtained by analytic continuation 
from an orbifold of the SL(2,C)/SU(2) coset model. This yields two-point functions for 
general operators, including those describing strings that wind around the horizon of the 
black hole. 
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1. Introduction 



The BTZ black hole spacetime PJ possesses many features that one would like to 
understand better in string theory: event horizons, Hawking radiation, time dependence, 
nontrivial causal structure with potential closed timelike curves, etc. Since the correspond- 
ing worldsheet theory is an orbifold of the SL(2,R) WZW model, classical string theory is 
in principle exactly solvable in this background. Furthermore, being asymptotically AdS3, 
the theory has a dual holographic description as a 1 + 1 dimensional CFT. For all these 
reasons, it seems fruitful to gain a detailed understanding of string theory in the BTZ 
spacetime. 

Early work concerning strings on BTZ includes ||||,|U|. However, progress was de- 
layed by an incomplete understanding of the underlying SL(2,R) WZW model: an ad hoc 
cutoff on the spectrum seemed to be needed for unitarity. It is now known || that in- 
stead of imposing a cutoff one should include long strings and spectral flowed states in 
the spectrum (see also [011), and that the resulting theory is unitary. In light of this new 
understanding, || elaborated on the earlier work J| on the string spectrum in BTZ and 
interpreted it in the context of spectral flow. Additional related work can be found in 
pH| , PT| , P!2]fr^ , P^| . Here we would like to continue this program, focussing on the string the- 
ory interpretation of the extended BTZ geometry, and evaluating some simple correlation 
functions in this background. 

The maximal extension of the rotating BTZ black hole has an intricate causal structure 
with multiple asymptotic regions, analogous to the Kerr solution in asymptotically flat 
spacetime. The multiple boundaries of the spacetime lead to a richer example of holography 
than usual, with the possibility of computing correlation functions of operators inserted 
on disconnected boundary components. This is similar to what one can expect for certain 
cosmological spacetimes, with distinct boundaries in the far past and future; for recent 



examples see []T5| , p!6|JT7[1 . We would like to know the rules for relating bulk and boundary 
correlation functions in such a situation.0 

Given a spacetime with spacelike separated disconnected boundaries, it is known that 
the Hilbert space of the dual CFT is the product of the CFT Hilbert spaces corresponding 
to the distinct boundary components [|T8i[T9|j20| ,pT| . In the case of a black hole, tracing 
over an unobserved Hilbert space yields a thermal density matrix for the remaining space. 
As discussed in |21] this can be understood by analytic continuation from the Euclidean 



black hole; for example wavefunctions in the left and right halves of the Kruskal diagram 
for a nonrotating black hole are related by the imaginary time evolution t — > t + i/3/2, 
yielding a Boltzmann factor. In the case of string theory, analytic continuation from 



1 The physical relevance of the extended spacetime can be questioned due to potentially desta- 
bilizing backreaction effects; we discuss this more in the text. 
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Euclidean signature takes on added significance, since we do not at present know how to 
compute correlation functions directly in Lorentzian signature. As we discuss, correlations 
among non-spacelike separated boundary components can also be found by continuation 
from Euclidean signature, and the result can again be related to correlation functions in 
a tensor product Hilbert space. This gives a holographic interpretation of the extended 
BTZ solution. 

String theory correlation functions in AdS3 were obtained in [22] by analytically con- 



tinuing results from the SL(2,C)/SU(2) model [p3| . We can apply the same strategy in the 
BTZ case, starting from the appropriate orbifold of the SL(2,C)/SU(2) model. The main 
difference is that one needs to work in the hyperbolic basis for the current algebra, rather 
than the elliptic basis normally used for AdS3. In this basis, the spectral flow operation 
of || generates strings that wind around the black hole horizon 0. We will focus on the 
two point functions for vertex operators of flowed and unflowed string states. Ultimately, 
one would like to describe interaction in this background, including loop effects, in order 
to see what string theory has to say about the BTZ singularity. 

The remainder of this paper is organized as follows. In section 2 we review the 
geometry of the extended BTZ spacetime, in particular the structure of the boundary, 
and the relations between the different coordinate patches. Section 3 discusses correlation 
functions in the field theory limit. We review some relevant aspects of AdS3 string theory 
in section 4. String theory correlation functions in BTZ are computed in section 5, and in 
section 6 we conclude with a discussion of some open problems. In an attempt to make 
this paper approximately self-contained we have included a substantial amount of review 
material. A reader who is very familiar with the extended BTZ geometry can safely skim 
much of section 2, and similarly section 4 for the reader well versed in AdS3 string theory. 



2. Causal structure of the BTZ black hole 

We begin by reviewing the extended BTZ geometry, paying special attention to the 
structure of the boundary. The BTZ geometry is of course well understood from the orginal 
work In those papers it was proposed to truncate the geometry at a "singularity" 
in order to avoid the presence of closed timelike curves. Ultimately, this can only be 
justified by doing calculations in the full quantum theory, since closed timelike curves can 
be consistent at the classical level. Here our focus is on classical string physics and so we 
will keep the full spacetime including the regions with closed timelike curves. 

2.1. Lorentzian black hole 

The BTZ black hole is obtained by making identifications in AdS3. AdS3 is defined 
by the hyperboloid 

Xq ~\~ CC-^ — — £ . (^2.1^ 
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This is also the SL(2,R) group manifold, 

9=]( Xl+X2 X3 + X0 V det<7 = l. (2.2) 

Henceforth, we will always consider the covering space of the group manifold, sometimes 
denoted as CAdS3. The AdS3 metric is the invariant metric on the group manifold, 

ds 2 = -fTrg^dg g~ x dg. (2.3) 

The isometry group of AdS3 is therefore SL(2,R)l x SL(2,R)^, acting as 

9 -> 9l99r- (2.4) 

SL(2,R) has three types of conjugacy classes: 



hyperbolic: |Tr g\ > 2, g = h 



,,. ,, ,„ n , / cosa sin a \ , _i _ N 

elliptic: |Tr,|<2, 9 = h^_^ a ^jh \ (2.5) 

parabolic: |Tr g\ = 2, g = ±h 

To define the BTZ black hole we identify by elements of a hyperbolic conjugacy class 

9 = PL9PR, (2.6) 

with 

(e 2 * T + \ 
PL ~\ e- 2 ^ + J' 

(2.7) 

and T + < T_. The radii of the inner and outer horizons of the black hole, r_ and r+, are 
related to T± by 

r+ = tt£(T + + T_), 

(2.8) 

r_ = -7i£(T+ -T_). 
The mass and angular momentum of the black hole are 

(2.9) 



M = 2tt 2 (TI+T 2 ) = T - ± ^ T ~ 



.2, , ^2 ^2 , 2r+r. 



J = -2tt^(T£ -Ti) = 



The identifications (|2.7| ) act as a boost in the x\ — X2 and xq — x^ planes: 
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(2.10) 



The identification has no fixed points in the rotating case with r_ ^ 0. In the non-rotating 
case r_ = there are fixed points at x\ = X2 = 0. This line of fixed points is what BTZ 
call the singularity of the non-rotating BTZ black hole. 

The identification ( |2.10| ) gives rise to closed timelike curves. In the non-rotating case 
this is easily seen by examining the geometry in the neighborhood of the fixed points, 



xi = 0(e) 
x 2 = 0(e) 



Xll) 



X3 = ±J-£i + x l + 0(e A ) 



giving the metric 



ds = —dx 1 + dx 2 + 



dxl 



1 - x 2 /f 



+ 0(e 2 



(2.12) 



So near the fixed point the identification ( |2.10| ) acts as a boost in R ' , which is a timelike 
identification for \x2\ > \%i\- In the rotating case the identification ( |2.10| ) also shifts xq, 
thereby smoothing out the orbifold. 

To get a picture of the global structure we divide the original AdS3 manifold into the 
following 3 types of regions 



(2.13) 



The original AdS3 manifold is best thought of as a solid cylinder with an S 1 x R 
boundary. Which regions reach the boundary? The AdS3 boundary is given by taking 
(this will become more apparent when we introduce explicit coordinates) 



Region 


1 : 


X i 


— x 2 


>o, 


Xq 


— x\ 


<o, 


Region 


2 : 


X i 


— x 2 


>o, 


Xq 


— x\ 


>o, 


Region 


3 : 


xj 


— x 2 


<o, 


Xq 


— x\ 


> o. 



X r 



x. 



Xr. 



■-Xj 



OO, 



(2.14) 



subject of course to (|2.1|) . From (|2.13|) and ( p.!4|) it is apparent that region 2 does not 
extend out to the boundary, while regions 1 and 3 do. Regions 1 and 2 are both bounded 
by an asymptotic boundary at infinity and an event horizon. So from the perspective of 
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either region 1 or 3 the other two regions lie behind the horizon. As we'll review, region 3 
contains closed timelike curves, and the "singularity" of the BTZ black hole is located at 
the boundary of the ergosphere (g u = in stationary coordinates) of region 3. 

The geometry is easier to visualise in the non-rotating case, so we consider this first. 
The boundaries separating adjacent regions define null hypersurfaces in AdSs; drawing 
these in the AdS3 cylinder we obtain figure 1. 




Fig. 1: The AdS3 cylinder. Depicted in the figure are the null hypersur- 
faces separating regions 2 and 3, as well as two colored vertical cross sections 
yielding Penrose diagrams. The standard Penrose diagram appears as the red 
square, also displayed in figure 2. The perpendicular blue square gives the 
Penrose diagram of figure 3. 

Penrose diagrams are obtained by drawing two dimensional vertical cross sections of 
the cylinder, as in figures 2 and 3. 

The Penrose diagram in figure 2 is the standard one with the singularity appearing 
as a spacelike hypersurface, and the region 3 containing the closed timelike curves does 
not appear. In figure 1, which depicts the AdS cylinder, the standard diagram appears as 
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Fig. 2: The standard non-rotating BTZ Penrose diagram. 




Fig. 3: The Penrose diagram showing region 3, with identifications indicated 

i 

the rectangle in the center!. The perpendicular vertical cross section of the cylinderi gives 
the Penrose diagram of figure 3. In the latter Penrose diagram region 3 is displayed while 
region 1 is absent. See [J3[ for some other depictions of the geometry. 

We now introduce explicit coordinates for the general rotating black hole. The BTZ 
identifications will preserve two Killing vectors out of the original six, and we take u+ and 
U- to be coordinates labelling the orbits of these Killing vectors, as well as the radial coor- 
dinate r. This requires that we cover each of the regions 1,2,3 by four separate coordinate 
patches. We henceforth work in units where 1=1. In the following rji^ = =tl- 



2 Shown in red if colors are displayed. 

3 Shown in blue. 
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Region 1: 



Region 2: 



Region 3: 
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cosh7r(T_|_w_|_ + T_w_ 



1/2 



sinh7r(T_|_M + + T_t/,_ 



1/2 



cosh7r(T_|_7x_|_ — T_w_ 



1/2 



sinh7r(T_|_w+ — T-U- 



1/2 



cosh7r(T + u_|_ + T-U. 



1/2 



sinh7r(T_|_7/, + + T_m_ 



1/2 



sinh7r(T_|_7i + — T-U. 



1/2 



cosh7r(T + M_|_ —T-u. 



1/2 



sinh7r(T_|_w + — T_w_ 



1/2 



cosh7r(T + 'u_|_ — T_it_ 



1/2 



sinh7r(T_|_w + + T-u. 



1/2 



cosh7r(T + 7i_|_ +T_it_ 



(2.15) 



(2.16) 



(2.17) 



In all three regions u± range over all real values. r + < r < 00 in regions 1 and 3; 
f- < r < r+ in region 2. 
We define t and by 

u±=0±t. (2.18) 



The BTZ identification 



in these coordinates is 

Regions 1,2: (t,(/>,r) = (t,0 + 27r,r) 
Region 3 : (t, <j>, r) S (i + 2tt, 0, r) . 



(2.19) 
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The solution written in t, <f), r coordinates is 



'>*'" = ^ ~ dt2 + (r2 _ r 2 )(r2 _ r 2 ) ^ 2 + r 2 {d<t> - -±^dtf. (2.20) 
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In string theory we also have a nonvanishing NS-NS B-field. In these coordinates it is 

(r 2 — r 2 )<i</> A dt regions 1, 2 

B ={ f2 2N ( 2 - 21 ) 
(r — r + )d(f) A dt region 3. 

More precisely, we have twelve patches corresponding to regions 1,2,3 and four choices for 
r]i y 2- The full spacetime consists of an infinite vertical stack of these patches. The Penrose 
diagram of the rotating black hole is obtained from (|2.20| ). Dropping the third term in 
( |2.20| ), writing the remainder as ds 2 = 2 (x + , x~)dx + dx~ , and assembling the different 
patches, we arrive at figure 4. This figure indicates the causal structure in the t — r plane. 
However, note that null geodesies will not remain in this plane; this in contrast to the 
Penrose diagram for the four dimensional Kerr solution, which is drawn along the axis of 
symmetry of the black hole. 

We chose our coordinates so that the metric takes the same form in all three regions 
and so that t is a timelike coordinate for large r, but note that this implies that r jumps 
when we cross from region 2 to 3. In particular, the boundary between regions 2 and 3 
is at r = r_ when viewed from region 2, and r = r_|_ when viewed from region 3. For 
the same reason the B-field changes form in ( p.21|) , though the change is just a gauge 
transformation. 

From ( |2.2C1|) it is clear that the BTZ identification is spacelike in regions 1 and 2, and 
timelike in region 3 for r > (r 2 + r 2 ,) 1 / 2 . What is referred to as the singularity of the 
rotating BTZ solution is the boundary of the ergosphere, r = (r 2 + r 2 ,) 1 / 2 in region 3. If 
the geometry is truncated here then there will be no closed timelike curves. 

For computing correlation functions in the extended BTZ geometry it is very useful to 
note that we can use analytic continuation to go from one region to another. For instance, 
starting in region 1 ++ (meaning 771 = 772 = +1) we can continue to the other three regions 
l m r]2 by making the replacements 



% 

l + _ : T±u± -> T±u± =F 



1_ + : T±u± -> T±u± - ^ 
1__ : T+u+ — > T+u+ 

U- — > U-. 



2 

i 

2 (2-22) 
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2+- 

Fig. 4: The Penrose diagram of the rotating BTZ black hole. Dashed lines 
represent what BTZ called the singularity. Arrows indicate the identifications, 
which become timelike when extended past the singularity. 

Similarly, to go from region l mr]2 to region 3 mm we take 

T + u+ -> T + u + - l - 

U- — > — U- 

2 2,2 2 

r — > r + + r_ — r 

We chose the signs of the imaginary parts for later convenience; flipping these just takes 
one to another copy of the respective region. 



(2.23) 
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2.2. Boundary structure 

Regions 1 and 3 have boundaries at r — > oo. The metric on the boundary is 

ds 2 = r 2 (-dt 2 + d<f) 2 ) (2.24) 

with the identifications ( |2.19| ). In both cases the boundary is an infinite cylinder, with the 
circle direction being spacelike in region 1 and timelike in region 3. 

It is helpful to study how the boundary of the original AdS3 cylinder is broken up by 
the identifications. Global coordinates for AdS3 are 

X\ = cosh /i COS T 
X2 = sinh u sin 9 

(2.25) 

X3 = sinh jj, cos 9 
xo = cosh (jl sin r, 

ds 2 = - cosh 2 fi dr 2 + d/j 2 + sinh 2 // d9 2 . (2.26) 



with metric 



Consider the boundary region, \x — > 00. The boundary is conformal to the cylinder ds 2 = 
—dr 2 + d9 2 , with 9 = 9 + 2tv. At the boundary the coordinate transformation between 
global and BTZ coordinates becomes 
Region 1: 

tan^^ = (±tanh7rT ±W± ) 7U7 ' 2 (2.27) 
2 

Region 3: 

tan^^ = (itanl^^i)- 771 ' 72 . (2.28) 

The original boundary in global coordinates therefore breaks up into eight separate patches, 
repeated with periodicity At = 2%; see Figure 5. 

The BTZ identifications on the boundary are inherited from (|2.19| ): 

Regions 1,2: (t.6) £ (t, 6 + 2tt) 

(2 29) 

Region 3 : (t, <p) ^ (t + 2ir,<f>). 

For holography, it is important to identify the topology of the boundary. From Figure 
5 it appears that the boundaries of regions 1 and 3 touch one another, but this is misleading. 
From the definitions ( |2.13| ) it is clear that it is impossible to go from region 1 to region 
3, or vice versa, without passing through region 2. On the other hand, region 2 does 
not extend out to the boundary, since r is bounded as r_ < r < r+. Therefore, the 
BTZ boundary is disconnected. As we will discuss in more detail later, according to 
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- 



Fig. 5: The boundary. Shaded areas are fundamental domains under the 
identifications. Lines with double arrows indicate the identifications. Lines 
with single arrows indicate the flow of time. 

the AdS/CFT correspondence the bulk theory is then dual to a CFT living on the full 
disconnected boundary. The main question which needs to be addressed is how to relate 
bulk correlation functions to correlation functions of the CFT living on this disconnected 
space. We will answer this momentarily, but the point to be emphasized now is that 
since the BTZ and AdS3 spacetimes have a different boundary structure they correspond 
to distinct boundary theories; the BTZ solution should not be thought of as a particular 
state in the CFT corresponding to AdS3. This is in contrast to a collapse geometry in which 
a black hole forms in the bulk; in that case the boundary is a single connected cylinder, 
and we expect to be able to describe the black hole by a pure state in the corresponding 
CFT. 



2.3. Euclidean black hole 

Computing string theory correlation functions directly in the Lorentzian signature 
BTZ spacetime is challenging since the worldsheet action is unbounded from below. In 
such situations one proceeds by analytically continuing to Euclidean signature, computing 
correlation functions there, and then continuing back. This strategy was employed for pure 



AdS3 in 22 and we wish to do the same for BTZ. 



11 



To continue we take t — > it, or equivalently 

— > u = <p + ir, m_ — ► u = 4> — ir, (2.30) 

where u denotes complex conjugate. The metric ( |2 . 2 0|) then becomes complex. To obtain 
a real metric we take r_ pure imaginary, or equivalently 



T, T_ — > T. (2.31) 



The metric becomes 



( f2 ~,2 \ ( ~2 ~2 \ 2 

ds 2 = [ - ~ dr2 + 7-2 ^7-2 2X dr ' Z + " '-^T^dTf. (2.32) 

The radial coordinate has the range r_|_ < r < oo. The identifications are now 

(ii,r) = (w + 2yr,r) S (u + i/?,r), (2.33) 

where the complex Euclidean inverse temperature is /? = 4 . The boundary of the Euclidean 
black hole is therefore a torus with modular parameter 1(3/(2%). 

3. Supergravity correlation functions 

We now turn to the computation of correlation functions in the extended BTZ ge- 
ometry. As compared to the usual AdS/CFT setup the novelty here is the disconnected 
boundary and the presence of horizons and closed timelike curves. We want to establish 
the rules for computing correlation functions in the bulk and boundary, as well as the 
relation between them. As usual, it is simplest to start by restricting attention to the low 
energy field theory in the bulk; the full string theory is considered in section 5. In this 
section we always work in Lorentzian signature. 

The simplest correlators are one-point functions, in particular the expectation value 
of the boundary energy momentum tensor. On each boundary this is given by 



where 7 M „ is the boundary metric and ©^„ is its extrinsic curvature. Since the metric takes 
the form ($M ) in all regions, the energy momentum tensor is the same on all boundaries: 

- M 

2 J (3.2) 

Tt<p = = — , 
Ztv 
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with the mass and angular momentum given in (|2.9| ). In region 1 (ft has 2n periodicity, 
so integrating Tu U over (ft gives the total energy and angular momentum M and J. On 
the other hand, in region 3 (ft is noncompact, so the constant leads to an infinite total 
energy and angular momentum. 

Now consider two-point functions corresponding to minimally coupled bulk scalars 
of mass m. As usual, the two-point functions follow directly from the bulk-boundary 
propagator [|25|,|6| . It is convenient to start with the expression for the AdS3 bulk-boundary 



propagator written in Poincare coordinates with line element, 

ds* = ^ + dW 9 +dW - . (3.3) 

The bulk-boundary propagator behaves near the y = boundary as y 2h ~ 5^ (Aw+ : Aw_), 
with Aw± = w± — w±, and corresponds to a boundary operator of mass dimension 2h+, 
where 

h± = hl± Vl + m 2 ). (3.4) 
The bulk-boundary propagator is then 

( y \ 2h+ 

K AdS3 (y,w + ,W-;w' + ,w'_) = c . (3.5) 

\y 2 + Aw + Aw- J 

This can be rewritten in BTZ coordinates for region 1 ++ using the transformation: 



w± 



y»2 








l r 2 + 


y-»2 



(3.6) 
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e ir(T + u + +T_u-) _ 



The resulting expression has boundary behavior e - 2nh +( T + u ++ T - u ~) r -' 2h - fi( 2 )(Au+, Aw_), 
so we should further multiply by e 2 ' Kh +( T + u ++ T - u ~) to get the correct BTZ propagator. 
Finally, we should impose periodicity under the BTZ identifications by including a sum 
over images. We first assume that both arguments of the propagator are in region 1++, 
and denote this by K^£ 1++ \ To evaluate two point functions we only need the result for 
large r, which is 



K BTz 1++) ( r i u +i w -; u '+-> U '-) 

2 2 x h + 



oo 

C 

n 



' E 



e -27r/i + [T + Au + +T_ Au_ + (T + +T_)27rri] ^ rj\ 



j s 2 2 ^ 2/i^_ 

oo J r + 2 r ~ -f- (1 — e -27rT + (Aii++27rn) _ g-27rT_ ( Au_ +2nn) ) I 
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Following the standard procedure gives the two-point function |2jJ 



++ (V + , u'_)) 

OO /g 

~ [sinh7rT + (Aw + + 2nn)]~ 2h+ [sinh7rT_(Au_ + 2nn)]~ 2h+ . 



n= — oo 



Before considering the two-point functions for operators inserted on other boundaries, 
we should note that the bulk-boundary propagator (|3.71 ) is not the only possible choice. 
As always in Lorentzian versions of the AdS/CFT correspondence |[28|j , it is possible to 
add a solution of the bulk wave equation with boundary behavior r ~ 2h + . ( |3.7|) is a natural 
propagator to take as it is the one which arises upon analytic continuation from Euclidean 
signature. This corresponds to evaluating expectation values in a particular state of the 
dual CFT; other choices for the propagator correspond to considering other states. 

To find two-point functions on other boundaries we can use the analytic continuation 
given in ( |2.22| ) and ( [2.231 ). In particular, fixing u'± to be on a fixed boundary, we can 



use ( |2.22|) to compute the propagator on the full extended BTZ spacetime and then read 



off the resulting correlation functions. As above, using analytic continuation implicitly 
commits one to considering a particular state of the CFT defined on the full disconnected 
BTZ boundary. We will discuss more below whether the analytic continuation is justified. 

There are eight possible choices for inserting each of the two operators, 1±± and 3±± 
(actually there are an infinite number of copies of each, but given the overall periodicity 
these do not need to be discussed separately). Since only Au± appears in (|3.8| ) it is clear 
that the same two point function is obtained whenever both operators are inserted on the 
same boundary. Now consider operators on distinct boundaries. Without loss of generality 
we can take u'± on boundary 1++. Continuing u± to the other boundaries then gives 

(O mm (u +1 u-)0 1++ (u' +1 u'_)} = 

oo 

1 ++ : [sinh7rT + (Au + + 2nn)]~ 2h+ [sinh7rT_(Aw_ + 27m) 



-2h A 



n= — oo 

oc 



l + _ : Y [cosh7tT + (Aw + + 2nn)} 2h+ [cosh7rT_(Au_ + 27m)]" 

n= — oo 
oo 

1_+ : Y [cosh7rT + (Aw + + 2nn)]~ 2h+ [cosh7rT_(Aw_ + 27m)]" 

ra= — oo 
oo 

1__ : [sinh7rT + (Au + + 2nn)}~ 2h+ [sinh7rT_(Au_ + 27m)]" 



(3.9) 
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and similary continuing to boundaries of the regions 3: 
(O mm (u + ,u-)0 1++ (u' + ,u'_)} = 

oo 

3_| |_ : [cosh7rT + (Aw + + 27rn)] 2h+ [sinh ttT_ (it _ + u'_ — 27m)] + 



n= — oo 
oo 



3_| : [sinh nT + ( Au + + 27rn)] 2h+ [cosh 7r T_(it_ + u'_ — 27m)] 

n= — oo 
oo 

3 |_ : [sinh7rT + (Au + + 27rn)] 2/l+ [cosh 7r T_(it_ + u'_ — 2im)~\ 

n= — oo 
oo 

3__ : [cosh7rT + (Aw + + 27rn)] 2h+ [sinh7rT_(w_ + u'_ — 2nn^ 



(3.10) 



These two-point functions are periodic under 

(t,<j>) -> {t + i/3 H ,<l> + inPH), (3-11) 

where is the inverse Hawking temperature and Q is the angular velocity of the outer 
horizon, 

1 T + + T_ 







„ + (3.12) 



+ 



5.i. Boundary description of correlators 

In the boundary description a CFT is defined on each component of the boundary. 
We should be able to relate the above bulk correlators to correlators in this collection of 
CFTs. Since the CFTs are defined on distinct surfaces, they will only communcate with 
each other via correlations in their initial conditions and by boundary conditions. These 
can be deduced from the analytic continuations taking us from one region to another. For 
operators inserted in regions 1++ and 1_| this was discussed in detail in f2lH . 

Consider inserting an operator O in a given region, say We then perform the 

CFT path integral over this region with boundary conditions at t = ±oo labelled by 
wavefunctionals ^i ++ (t = ±oo), yielding 

(tf' 1++ (t = oo)\0 1++ \^ 1++ (t = -oo)). (3.13) 

We can do the same on another boundary, say 1_| Since the analytic continuation ( |2.22j ) 

is (t, 4>) — > (t — iPh/2, 4> — iVLfiu /2) the states in the two regions are related by 

|#i,(£ = ±oo)) = (*i ++ (t = ±oo)|e- fe(H - nj)/2 , (3.14) 
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where the change from ket to bra occurs because time runs in opposite directions in the 
two regions. We will suppress the normalization factors in state vectors. Therefore, the 
path integral in the two regions summed over all boundary conditions gives (up to nor- 
malization) : 

e -Pu{E+E'-nj-nj')/2^ E ^ j\ 0l+ _\E', J')(E r , J'\0 1++ \E t J). (3.15) 

E,E',J,J' 

This result can be interpreted as follows. First rewrite states and operators in 1_| in terms 

of their time reversed versions, so that time runs in the same direction in both regions. 
Recall that time reversal acts as (Tx\Ti/j) = (i/j\x)- Then consider the tensor product of 
the two Hilbert spaces, and the particular correlated state 

I*) = ^ e - pH{E - UJ)/2 \E, J) 1+ _\E, J)i ++ . (3.16) 

E,J 

We find that (|3.15| ) is equivalent to the expectation value in this state: 

$>\O x+ _0 1++ \y). (3.17) 
If we do not insert any operator in 1_| then we recover a thermal expectation value for 

(0 1++ )fs H ,n = J2 e ~ ME ~ QJ) ( E > J \°U + \E,J). (3.18) 

E,J 

This structure is very natural from the bulk point of view. Regions 1+ + and 1_| are 

spacelike separated and so operators in distinct regions commute. Furthermore, one needs 
to combine spacelike hypersurfaces in both regions in order to get a complete spacelike 
hypersurface for the full spacetime. Therefore, the full Hilbert space is described by a 
tensor product of the two Hilbert spaces, and the precise correlation in ( |3.16| ) corresponds 



to considering a black hole in thermal equilibrium. All of this then carries over to the 
boundary theory. 

Insertions of operators in 1 |_ and 1__ are interpreted similarly. To continue from 

1 ++ to 1 |_ we take (t, 0) — > (i — iQ(3jj/2, <fi — iftiijT), therefore the path integral is 

e -fe(^+OE'-j-/)/2^ ! Jld.jS', J')(E', J'\0 1++ \E, J), (3.19) 

E,E',J,J' 

which corresponds to an expectation value in the correlated state 

= J2 e ~ pH(QE ~ J)/2 \ E ' J )i-+\ E ' J )i ++ - (3- 2 °) 

E,J 
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Region 1 corresponds to the state (in this case no time reversal is required) 



|*) = ^ e -(i+n)/3H(B-J)/2| jEj j^je, J) 1++ . (3.21) 

E,J 

Actually, there is a fundamental difference in the three cases we have considered in 

that region 1_| is spacelike separated in the bulk from 1++, while 1 |_ and 1 lie to 

the future of Since in the last two cases we are computing correlation functions for 

operators inserted in causally connected regions, it may seem unnatural to be introducing 
a tensor product Hilbert space. In the latter cases, the tensor product Hilbert space does 
not correspond to the space of physical states of the theory, but is better thought of as 
a device for computing correlation functions. According to the AdS/CFT correspondence 
we should be able to relate all bulk observeables to quantities in the boundary theory, and 
to do this it turns out to be useful to employ the product Hilbert space description. On 
the other hand, from the bulk spacetime geometry it is clear that it is sensible to combine 

regions 1 |_ and 1 into a tensor product, since one thereby obtains a family of spacelike 

hyper surfaces. These hyper surfaces lie to the future of those corresponding to region 1 ++ 
and 1-| , and so the respective states are related by Hamiltonian evolution. 

Now consider inserting an operator in region 3. The CFT in each boundary component 
of region 3 lives on a cylinder with the compact direction being timelike, as compared to 
region 1 where the compact direction is spacelike. We will only consider region 3++ to 
avoid undue repetition. The continuation from region 1 ++ is (t, <fi) — > (</> — z(1 + 0)/3h-/2, t — 
z(l + f2)/?# /2). The continuation maps the wavefunctions defined at early and late times in 
l_i__i_ to wavefunctions defined at spacelike infinity in 3++. Therefore, E and J eigenvalues 
are interchanged, which is expected since E should have an integer spectrum in region 3++ 
due to the timelike identification there. Following the same logic as before, we then find 
that correlators can be reproduced by taking expectation values in the state 

I*) = J2 e ~ {1+n)0H{E ~ J)/ ViEh ++ \E,J) 1++ . (3.22) 

E,J 

We now ask whether the expectation value of operators in the states we have defined 
yield the two-point functions in ( |3.9| ) (|3 . 1 ) . In general, making the comparison would 



require computing correlations functions in the strongly coupled CFT, but in a certain 
limit they can be found by a combination of conformal mappings and the method of 
images. In particular, the method of images is a useful way of imposing the correct <p 
periodicity, but is only justified if correlation functions satisfy free field equations so that 
solutions can be superimposed. This occurs when the string coupling in the bulk is taken 
to vanish, so in this limit we can check that the bulk and boundary correlators agree. 
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We proceed by applying an appropriate conformal transformation to the two point 
function on the infinite w-plane 

(0(w + ,w-)0(w' + ,w'_)) ~ T-r 1 ■ ■ (3.23) 

For instance, consider a thermal expectation value corresponding to inserting both op- 
erators on the same boundary component. According to ( |3.18| ) we are to evaluate the 
two-point function on a torus with identifications = (u + + 2tv, u_ + 2%) = 

(u+ — i/T+, U- — i/T-). By defining w± as 

ty ± = e 27TT±u± (3.24) 

and including a sum over images under w± — > e^ 2jr ^ nT± w± we account for the correct 
periodicities. Transforming the w-plane two-point function (|3.23| ) (with the sum over 



images) to the w-frame we recover the result in (|3.9|). This is as it should be, since ( |3.24| ) is 
the asymptotic relation between Poincare and BTZ coordinates; see ( |3.6|) . The same story 
holds for the other two-point functions except that we use a different conformal map for the 
two operators. It would be interesting to repeat this analysis in the case of nonvanishing 
string coupling. 

3.2. Discussion 

We have given rules for relating two-point functions in the bulk to two-point function 
in the CFT defined on the disconnected BTZ boundary. Analytic continuation allowed 
us to extend the bulk-boundary propagator from one region to the full geometry, and 
the two-point functions then follow in the usual fashion. The same procedure on the 
boundary side corresponds to considering various tensor product states depending on which 
boundaries operators are inserted. This procedure could clearly be extended to higher point 
correlators. 

An important question is whether the analytic continuation is physically sensible. 
First, as we have stressed, this procedure implicitly chooses a particular state of the system 
(the Hartle-Hawking state) which may or may not be physically realizable. In particular, 
it is well known that the one-loop expectation value of the energy-momentum tensor of a 



free scalar field in this state suffers a divergence at the inner horizon |[9| ; this is a possible 
mechanism for excising the regions with closed timelike curves. So one can argue that 
any classical calculations sensitive to the geometry at the inner horizon are unreliable. 
Related issues have been discussed recently in the context of time dependent orbifolds of 
flat spacetime [|0|,|l|,|2],||,||,|l|5|,|3|,|7| . 



The physics at the inner horizon is unfortunately somewhat inaccesible with current 
string theory technology. The main problem is that direct calculations are only feasible 
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in the Euclidean signature target space, but the inner horizon is then absent. A priori, 
there are no obvious sources of divergences in one-loop Euclidean signature calculations 
that would continue over to divergences at the inner horizon. Indeed, note that Euclidean 



BTZ is equivalent to Euclidean "thermal AdSs" ||38|| , and the Lorentzian version of the 
latter is not expected to receive large quantum corrections. Obviously, these issues need 
to be much better understood, but since any more complete approach should eventually 
be compared with results based on the naive classical geometry it seems useful to develop 
those first, as we are doing here. 

Another issue concerns the geometry of the boundary on which the dual CFT lives. 
In BTZ coordinates it is manifest that the boundary is conformal to a disconnected sum 
of cylinders, with spacelike and timelike circle directions in regions 1 and 3. The rules of 
AdS/CFT tell us that the CFT can be taken to live on this geometry. On the other hand 
since BTZ is an orbifold of AdS3, and the latter has a connected cylindrical boundary, it 
was proposed in |TB|] that the CFT should live on this cylinder with twist operators inserted 
to account for the identifications. Note though that any connected boundary necessarily 
passes through region 2 behind the horizon, since it is not possible to go from region 1 to 
3 without doing so. We do not wish to consider boundaries traversing the horizon, and so 
we prefer to work on the disconnected boundary at large radial BTZ coordinate. 



4. SL(2,R) and SL(2,C)/SU(2) WZW models 

We now turn to string theory. String theory on BTZ is described by an orbifold of 



the SL(2,R) WZW model. The spectrum of the SL(2,R) model was worked out in 
and this was extended to the BTZ orbifold in || extending the work of Q. Correlation 
functions of the SL(2,R) model were obtained in |22| by analytic continuation from the 
Euclidean signature SL(2,C)/SU(2) model, and we would now like the analogous story for 
BTZ. We begin by reviewing the salient aspects of the SL(2,R) and SL(2,C)/SU(2) WZW 
models. 

4-1. Spectrum 

The SL(2,R) WZW model is based on a SL k (2, R) L x SL k (2, R) R current algebra, Its 
Hilbert space therefore can be decomposed into various irreducible representations V™, C™ a 
of the current algebra, 



w= — oo 




djVJ®vA © f / dj f daCl a ®Cl a 



(4.1) 



where T)J are the representations generated by spectral flow from the discrete representa- 
tions D®, and CT a are the representations generated by spectral flow from the continuous 
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representations C® a , with an integer spectral flow parameter w. States in the former rep- 
resentations correspond to short strings in AdS3, while states in the latter representations 
correspond to long strings in AdS3. 

The SL(2,C)/SU(2) model has an SLk{2,C) current algebra, and its Hilbert space 
has the structure [|3f 



H H3 = dss 1 V l+ls (4.2) 

Js>0 



where T>j are the principal series representations of the SLk(2, C) current algebra. 

The connection between the SL(2,R) and SL(2,C)/SU(2) models is the following. In 
Poincare coordinates with AdS3 metric ds 2 = dtp 2 + e 2( ^ > d r f+d r y- the worldsheet action of 
the SL(2,R) model is 

- J d 2 z (d(j)d<f> + e 2</> a7_a 7+ ) . (4.3) 

The analytic continuation to Euclidean signature H 3 corresponds to 7_|_ — > 7, 7- — > 7, 
yielding the action 

S = - Jd 2 z (dcj)d<f> + e 2 ^a 7 a7) . (4.4) 

On the other hand, one can regard the coset SL(2,C)/SU(2) as the space of matrices g 
parametrized by 

f e -<f> + 7 j e <f> e 7 \ 
9 = „J. J • (4-5) 



e^7 e Y 

This follows from the fact that g = hh^ with h £ SL(2,C). Then, substituting g into the 
standard form of the WZW action yields the action in ( |4.4| ). 

The analytic continuation of the target space time coordinate creates subtleties when 
making connections with the two models. The first issue is associated with the normaliz- 
ability of the associated string states. In the worldsheet theory, states in the Schrodinger 
picture are wavefunctionals ^[^(er)] where are the target space coordinates including 
the target space time coordinate t. Worldsheet normalizability is defined by integrating 
|\1/| 2 over all ^(cr), so the target space time dependence enters into the normalizability 
condition. 

From the worldsheet point of view all states in the Hilbert space of either theory 
are normalizable; note that we should allow for delta function normalizability due to 
the noncompact target space. We can choose a basis of states with time dependence 
e~ lujt , where t is the zero mode of the Lorentzian or Euclidean Poincare time coordinate. 
Normalizability then requires boundary behavior | $ > 1 . Spin j primaries obey 

the wave equation for a minimally coupled scalar field 

(A-m 2 )$ j = 0, m 2 =4j(i-l), (4.6) 
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where A is the Laplacian on SL(2,R) ° r SL(2,C)/SU(2). This equation has solutions with 
boundary behavior 



e 2h±<t) Lorentzian 
>J ~ 1 ~ 2h -* Euclidean k± 2 



-(1± Vl + m 2 ) . (4.7) 



In the Lorentzian case we can take any real m 2 and the h + branch, yielding normalizable 
primaries for any real j (but given the form of m 2 we can restrict to j > \) or j = ^ + is. 
In the Euclidean case we need m 2 < — 1 or j = \ + is. In the Lorentzian case with real 
j there is also the upper bound j = (k — l)/2 which can be understood as the transition 
from short strings to long strings ||. This accounts for the range of allowed j's in Q4.1J ) 
and (U). 

What can be computed directly are correlation functions of the normalizable j = \ J ris 
vertex operators in the SL(2,C)/SU(2) model. The trouble is that in the AdS/CFT corre- 
spondence correlation functions in the boundary theory are related to correlation functions 
of non-normalizable vertex operators in the worldsheet CFT. These correspond to taking 
j real in the SL(2,C)/SU(2) model, or j real and h = h- in the SL(2,R) model. Such 
operators transform in nonunitary representations of SL(2,C) and SL(2,R). The strategy 
pursued in |22| was to start from the j = \ + is correlators of the SL(2,C)/SU(2) model, 



and then analytically continue in j and the target space time coordinate in order to ob- 
tain correlation functions of non-normalizable vertex operators in the SL(2,R) model. A 
sensible picture was obtained, with various singularities in the j-plane given physical inter- 
pretations. We follow a similar strategy, the difference being that we will focus on vertex 
operators consistent with the BTZ identifications, and we will analytically continue to the 
full extended Lorentzian BTZ geometry. 

4-2. Vertex operators in the SL(2,C)/SU(2) model 

The primary operators of the model fall into the unitary irreducible representations 
of SL(2,C), labelled by j = ^ + is where s is a real number. In the semi-classical large k 
limit normal ordering issues can be neglected, and the primaries correspond to a complete 
set of normalizable solutions of (14. 71) |23l , 



Vj(z,z;x,x) = - — — ((7-x)(7-x)e* + e-*) ^ . (U 

TV 



The primaries are parameterized by the complex variable x; (|4.8|) is just the usual bulk- 
bounday propagator in H3 with x the coordinate on the boundary. More generally, the 
vertex operators must satisfy the correct operator product expansions with the SL(2,C) 
currents, 

J a (z)Vj(z', z'- x, x) —V^Vjiz', z'; x, x) 

Z ~ Z (4.9) 
J a (z)V 3 {z' ,z']x,x) ~ - — -V]Vj(z',z;x,x) 
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where Dj, are the representation of the SL(2,C) algebra generators, acting in the space 
of functions on C, 

V- = x 2 — + 2jx, V+ = —, V) = x —+j. (4.10) 

J ox J ox J ox 

The operators are primaries with respect to the Virasoro algebra, with conformal weights 
Aj given by the Casimir — 1) of the representation, 

a, = -4^r ■ (4 - n) 



The two-point functions for the vertex operators ( |4.8|) were computed in |23| and 
found to have the form 



(Vj(zi,Zi]X 1 ,Xi)Vj'(z2,Z2;X2,X 2 )) = | — -u 

\ z 12\ 



S 2 (x 12 )5(j+j'-1) + ^{-SU -f] 



F12 



(4. 



2) 



where the coefficent B(j) is 

fc-2 V 1 ' 23 



B(j) = — t^tt (4-13) 

and 

7(j -r(i-*)' r(i + ^)" (4 ' 14j 

Correlation functions on the worldsheet correspond to correlation functions on the bound- 
ary CFT by the relation glj 

(nJ ^^ 2 ^ , ^ )) ^ = ([[V^x^bcft ■ (4.15) 

For three-point or higher correlation functions one can cancel three of the d 2 z integrals 
against Vol(SL(2,C)) to get a finite result on the left hand side. But for the two-point 
function one is still left in the denominator with the volume of the SL(2,C) subgroup 
leaving two points fixed (the dilatation group). The volume is infinite, but it can cancel 
the divergence coming from the delta function 5(j — j') ||1|. In the process a j dependent 
factor can appear, but this can be fixed by relating the result to a three-point function 
using a Ward identity [22]. One thereby obtains 

(V J (x 1 ,x 1 )V J (x 2 ,x 2 )) BCFT = {2j ~ 1) ^ i3) ■ (4.16) 

F12I J 

It is also useful to employ a momentum space basis for the primaries, using the 
transformation 

Yi{z,z;x,x) = Vy, m ,m&z) x^x^ (4.17) 
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and the inverse transformation 



V j;m ,fn(z,z) = I <Px\x\- 2 tf- m &-™V j {z i z-,x,x) . (4.18) 



One finds 



(V^V^^Ucvt =S(m + m ) r{2mi _ J + m)r{1 _ 3 _ rn) (2J - 1)^0) ■ 

(4.19) 

( |4.19|) can now be intepreted as a two point function in Lorentzian AdS3 by analytically 
continuing in j. The pole structure in the j-plane was given a physical interpretation in 
& 

As stated, (^.19| ) gives the two-point function for w = operators without spectral 
flow. Let us then consider two-point functions for spectral flowed states. Spectral flow 
acts on the current algebra generators and Virasoro operators as follows: 



k 

" Vo 



2 

Jn = Jn Tw (4-20) 

k 



Following |2^] , we interpret the generators with tildes on top as those of the unflowed basis 
and without tildes as those of the spectral flowed basis; the notation for the eigenvalues is 
j, m, Aj in the unflowed basis and J, M, Aj in the flowed basis. 



In [22], several spectral flowed two-point functions were discussed. The simplest case 



is when the vertex operators in the J, M basis create lowest or highest weight states J = M 
in the representations dj. A generic state in the unflowed representation d - can always 
be mapped to such states by a suitable amount of spectral flow. Since one already knows 
the 2-point function fl4.19|) in the unflowed basis, one can then obtain the 2-point function 
for the J = M states simply by replacing the labels: 

k k 

m = M w, m = M to. (4.21) 

2 ' 2 v ! 

Similarly, in the worldsheet 2-point function, one only needs to modify the powers of z, z 

by replacing the correct conformal weights: 

k k 
Aj -> Aj = Aj - wm - -w 2 , Aj = Aj - win - -w 2 . (4.22) 



The worldsheet two-point function ends up being [22| 

(Vj ,M,J,M( z li z l)Vj',M',J',M'{ z 2i z 2)) 

5 2 (M + M')f .,^B(j) T(j + m)T(j-fh) \ (4.23) 



4 A ' / 4 Aj V 7(2i) r(l - j + m)T(l -j-m) 
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with the eigenvalues related by ( 4.21 ), (|4.22|) . Specific choices for the spin j then give two- 
point functions for either spectral flowed short or long strings; the resulting expressions 



can be found in 22 



5. Two-point functions for strings in BTZ 

Previously we discussed 2-point functions in BTZ in the supergravity approximation. 
Now we want to do the same in the full string theory. In other words, we will now 



generalize the results of |22||. as reviewed in the previous section, to BTZ black holes. 



The starting point of the discussion in section 4 was the vertex operators ( |4.8| ) which 
transformed as tensors of conformal weight on the boundary. Semi-classically, the 

vertex operators ( |4.8|) were identified with the bulk-boundary propagator. As discussed 
in section 3, the BTZ bulk-boundary propagator is obtained by transforming the AdS3 
propagator and including a sum over images. Its asymptotic form with both arguments in 
region 1 + + is written in ( |3.7|) ; it is extended to the other regions by analytic continuation. 
If we then replace the bulk coordinates r, u± with the embedding of the string world sheet 
r(z, z), u±(z, z), we can interpret the bulk-boundary propagator as the weight string 
vertex operator labelled by u'±, 

Vj(z,z;u' + ,u'_) = K BTZ (r(z,z),u + (z,z),u-(z,z);u' + ,u'_) . (5.1) 

Being an orbifold of AdS3, string theory on BTZ also has twisted sector vertex operators. 
These are included in the spectral flow operation, to be reviewed below. 

5.1. String spectrum in BTZ 

Let us now review some facts about the spectrum of strings in BTZ [|J ||. To build 
the Hilbert space, we again start from the SLk(2, R)l x SLk(2, R)r current algebra. For 
AdS3 it is convenient to work in the elliptic basis, which includes translation generators for 
the global coordinates r and 9. For strings in BTZ black holes we instead want translation 
generators for BTZ t and <p. This is the hyperbolic basis and corresponds to diagonalizing 
the non-compact generators J^, J^. In the hyperbolic basis the current algebra commuta- 
tion relations take the form 

r 7 2 t±i _ ±iJ ± 

\°m u m\ ~ zn( " J n+m 
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Time translations and rotations in BTZ coordinates are generated by the following com- 
binations of zero modes of J 2 , J 2 : 

Qt = 27rT + J 2 -27rT_J 2 
= 2ttT + J 2 + 2ttT_J 2 



(up to additional constant terms for winding modes, see 0). The eigenvalues Jl,Jr of 
the non-compact global SL(2,R) generators Jq, Jq have a continuous spectrum. That, 
along with the form of the commutation relations in the hyperbolic basis, make it slightly 
more complicated to recognize the standard discrete and continuous unitary irreps of the 
global SL(2,R) xSL(2,R) algebra. For details, see Hf|]. After constructing the standard 
representations of the global algebra, one can proceed to construct the representations of 
the current algebra. The states in the representations have the form || 

K N \J R ,r)K N \J L ,r) (5.4) 

where is a generic product of operators K°L n defined by 

K_ n = J 2 n , K- n = J-n^O > K-n = J-n^O • (^-5) 

These satisfy the commutation rules 

[J 2 , *Cj = 0, [L , J^ B ] = nK± n . (5.6) 

Spectral flow in the hyperbolic basis generates strings which wind around the horizon of 
the BTZ black hole. The action on the group elements is 

g ^ e -iw + x+r 2 ge iw-x-r\ ( 5 7 ) 

In particular, the BTZ coordinates transform as 

u±{a,r) -> u±((t,t) + ^-^-(a±r). (5.8) 

After the periodic identifications which make the BTZ black hole, the spectral flow pa- 
rameters are constrained to discrete values 

w± = 2%T±n , (5-9) 

so as to respect the periodicity of the worldsheet. Under spectral flow, the components of 
J 2 , J 2 transform as 

I 2 —> I 2 = T 2 4-- in A t-± . 7± = 7± 

d n d n — d n ' w + u n,0 > d n d n — d n±iw + 

- 2 -_- 2 k - ± - ±= - ± (5 ' 10) 
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and the Virasoro generators are found to transform as 

L n -> L n + w + Jl + 

k (5 - 11} 
L n -> L n -w-j% + -w 2 _5 nfi . 

The vertex operators for the Kac-Moody primaries, tranforming under the unitary irre- 
ducible representations of the global algebra, have the form 

V^J L = D j jR , jL (9)e- iJ ^ +M , (5.12) 

where u = ttT + u+, v = —txT-U-. The vertex operators Vj r n jL (z, z) in the twisted sector 
are constructed with the help of twist fields W n (z, z), 

Vj' R n ,j L (z,z) = Vj£ >jL (z,z)W n (z,z) . (5.13) 

The Kac-Moody primaries are then the states 

\j,jR,n)\j,J L ,n) = Vj£j L \0)\0) . (5.14) 

Alternatively, the twisted sector states can be interpreted as the spectral flowed states 
with integer flow parameter n.@ 

The target space energy spectrum for the string states is continuous, unlike in pure 
AdS3 where the spectrum of short strings is discrete. The target space energy is given by 
the eigenvalue of the time translation generator Qt, which involves continuous eigenvalues 
for the operators Jq,Jq. More discussion can be found in ||. 

The preceding construction gives us the spectrum of strings located in, say, region 
l_i__i_ outside the horizon. In what sense are the strings localized in a given region, and how 
do we obtain the string states in the other regions? We chose to diagonalize the zero mode 
generators in the hyperbolic basis; these act as isometry generators in a given coordinate 
patch of the BTZ spacetime. Therefore, the center of mass coordinates of the string are 
confined to a given patch. On the other hand, the full wavefunction of the string spreads 
out into the other regions. This becomes clear if one thinks of starting with a string state in 
AdS3 and then imposing the BTZ identifications — the original state spreads out over the 
whole AdS3 spacetime, and the identifications affect only the center of mass coordinates, 
thus the final state spreads out over the whole BTZ spacetime. Our spectrum therefore 



4 In addition, there is one subtle part of the spectrum which was not discussed in the 
discrete set of vacua These presumably correspond to the vacua defined with respect to each 
spectral flowed basis of the current algebra. We thank Y. Satoh for bringing this to our attention. 
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includes strings that straddle the horizon, a picture which is reminiscent of strings ending 
on a D-brane, and which has been suggested to be responsible for black hole entropy (for 
discussion, see e.g. ||42| ). The other issue concerns strings with center of mass coordinates 
in the different regions. Since the WZW model takes the same form in all regions, it is 
clear that the analysis is essentially identical in all cases. The only difference is that the 
coordinate range of r is different in region 2 from regions 1 and 3, but this just affects 
one's choice for a complete basis of solutions to the wave equation in a given region. So 
modulo this fact, we get the same spectrum of strings in all regions. Actually, in order for 
interactions to be well behaved the center of mass wavefunctions should continue smoothly 
from one region to a neighboring region. Exactly as in field theory, this can correlate 
positive and negative frequency wavefunctions in adjacent regions, and is responsible for 
Hawking radiation. 

5.2. Identifying the vertex operators 

In order to relate the vertex operators proposed in (|5.1|) with the Kac- Moody primaries 
( |5.12| ), we need to first transform the former from the (j,u' + ,u'_) basis to the (j, Jr, J£) 
basis. Note first that the operators (O) included a sum over images which rendered them 



periodic in </> — they are of the form 

oo 

Vj(z, z; u' + , u'_) = Vj(z, z; u' + + 2ivn, u'_ + 2tto) , (5.15) 



n= — oo 



where Vj is equal to (|3[7]) without the sum. We can express them as Fourier integrals (we 
simplify the notation and drop the primes from the boundary coordinates) 



V J (z,z;u + ,u.)= J duJ tW e+ ^'" -' i ^ ]u • (5.1(5) 

fe=— oo 



with the inverse transfomation 



V M = ^ j du + j du_ e-^^+^^-V^z-u^n-) . (5.17) 
On the boundary, Jq, Jq are represented by 



D 2 = ~i—^d u+ 
2tiT + + 

D 2 = -i—^—d u . 
2ttT_ 

The Fourier modes are their eigenf unctions with eigenvalues 



(5.18) 



J* = ^> J l = ~V^- (5-19) 
4ttT+' 4ttT_ v ' 
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The Jr, Jl have continuous real eigenvalues as expected, and thus we can denote the vertex 
operators in Fourier space by Vj } j Rj j L as in the previous section. 

We will now move on to compute the 2-point functions for strings in BTZ. The calcu- 
lations are based on those in [23] and [^2| , so we need to perform an analytic continuation 
to Euclidean BTZ geometry. 

5.3. Euclidean section 

As in Section 3, we are going to work in the Euclidean geometry. The Euclidean 
section for the BTZ black hole is obtained by 

u+ — > u = d> + IT, U- — > U = (j) — IT, 

(5.20) 

T+^T, T_^T. 

The boundary of the Euclidean BTZ is a torus 

u ~ u + 27r, u ~ u + i(3 (5-21) 

where (3 = 1/T = (3\ + i^2 is the complex inverse temperature. Now we need to Fourier 
expand the vertex operators Vj(z, z; u, u) with mode functions f m ,rh which are periodic on 
the torus, 

the expansion is 

Vj(z,Z\U,u) = ^ V j,m,rh fm,rh(^ T ) (5.23) 
m,rh 

and the inverse transformation is 

Vj, m ,fh= / #/ —f- m -m{(f>,r)Vj(z,z;u,u). (5.24) 
Jo Jo Pi 

The functions / m ,m are of course again eigenmodes of the generators Jq, Jq. On the 
Euclidean boundary, Jq, Jq are represented by 

D 2 = -ifd u 

% (5-25) 

D 2 = -ifd a . 
Ztv 

The functions fm,m satisfy 

id - 

D 2 f m: rh(u,u) = -——-[(2ii + if3)m + (2ir - i/3)m] f m ,rh{u,u) = +ia f m ,m{u,u) 

T (5 - 26) 

D 2 f m ^(u,u) = ——[(2iT-i(3)m + (2tt + i/3)m] f m ,m{u,u) = -la f m ,m(u,u) . 

47Tpi 
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Thus, in the Euclidean geometry the eigenvalues Jr, Jl take the values 

id - 
J R = ia = -— — [(2tt + i(3)m + (2tt - if3)fh) 

a (5 ' 27) 

J L = -ia = -——[(2% - i(3)m + (2tt + i(3)rh] . 

Note that now the eigenvalues Jr, Jl take discrete complex values. This is a property of 
the Euclidean section, following from the double periodicity of the mode functions ( |5.22j ) 



on the Euclidean toroidal boundary. In analytically continuing back to the Lorentzian 
section, the mode functions ( |5.22|) need to be continued to those in (|5.16|) which are only 



periodic in the angle coordinate. Therefore, in addition to continuing back to real time 
coordinate, we also need to continue the parameters so that the eigenvalues ( |5.27| ) again 
take the form (|5.19| ). Also, we first analytically continue both arguments of the two-point 
function to the same boundary component. Two-point functions on distinct boundary 
components are then obtained by further analytic continuation. We comment on these 
issues further after we have computed the 2-point function. 

5.4- Two-point functions 

Let us now label the vertex operators as V^i^-ia? an d compute their two-point func- 
tions, the analogue of fl4.19f) . It turns out that we can use simply use the earlier results 
discussed in Section 3, if we express the inverse Fourier transformation formula ( |5.24|) in 
the coordinates 

x = e ir^ x = ef u , (5.28) 



remembering that V transforms like a tensor. It then takes a similar form to ([4.18]) , 

V j;m>fh (z,z) = ^ (jjty yd 2 x|x|-V+ Q ^- 5 ^(z,z;x,x) . (5.29) 

Since in the the 2-point function is the same as ( |4.16| ), the result now has the 

same form as ( [4.18| ), but with the replacement 



m i — > —a , m i— ► a . (5.30) 

So we obtain 

{Vj j i a 'j-ia>Vj ! ia ! j-ia)BCF r r = 5\a + a) 



r2 . , , M2j~l)B(j)T(l-2j)T(j + a)T(j + a) 



T(2j)T(l-j + a)T(l-j + a) 

(5.31) 

Note that we only know the two-point function at a discrete set of points a, a given by 
( |5.27|) . This is analogous to what happens in finite temperature quantum field theory. 
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Usually the thermal Green's functions are calculated in the imaginary time formalism, and 
they are found only at the discrete set of Matsubara frequencies. To understand the result 
( [Oil) better, let us compare it with the two-point function previously obtained from a 
supergravity BTZ/CFT calculation J43[. Ref. |43|] calculated the retarded CFT propagator 
in momentum space for a CFT operator which is dual to a supergravity field in the non- 
rotating BTZ black hole bulk geometry. The momentum space retarded propagator is 
defined by a Fourier transformation of the real time retarded propagator, 



G ret (uJ, k) = dtdcj) e 



-iu}t-\-ih 



G r et \t, 



(5.32) 



and the result 43 is 



G ret (uj : k) 



T(l-v)T(h + -^(u + k))T(h 



2r+ 



[UJ 



r(l + u)T(h- - sMw + k))T(h- - ~t 



k)) 



(5.33) 



where h+ = j, h- = 1—j and 1+v = 2j.ll Comparing the Fourier transformation formulas 
( |5.19| ) and ( |5.24| ), we can establish the analytic continuation of the parameters 



a 



2r + 



(u - k), 



(A 



2r_ 



■(u + k). 



(5.34) 



With this relation, the propagator ( |5.31| ) has the same structure as ( |5.33| ) . More precisely, 
the retarded CFT propagator ( |5.33|) is a Fourier transform finite temperature propagator 
in real time. Hence it is known at a continuous set of frequencies u. It is known that if 
we analytically continue it to the complex u plane, and evaluate it at the discrete set of 
Matsubara frequencies, it is equal to the finite temperature thermal propagator calculated 



in the imaginary time formalism. For a brief review, see e.g. the Appendix of [ 44 ] . This is 



what happens here too. From (|5.34|) , the frequencies are 



u n = ir + (a + a) = —ir + (m + m) = —il'KnTii , 
which are just the expected Matsubara frequencies.il Note also that 



k 



-ir+{a 



a 



-m + m = integer. 



(5.35) 



(5.36) 



Consider then the pole structure of ( |5.31| ). There are two types of poles in the j- 
plane. First, there are poles arising from the T(j — a)T(j — a) factors. These have a 
particle-like interpretation as a finite temperature effect due to the thermal density matrix 



5 Note: eqn. (16) in [43] has a typo, R should be , we use £ = R and set 1=1 

6 We denote n = m + m. 
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of the boundary theory. Second, there are poles arising from the factor B(j). In [^2j these 



were interpreted as worldsheet instantons arising from a holomorphic map of the spherical 
worldsheet onto the spherical boundary of Euclidean AdS3. Euclidean BTZ has a toroidal 
boundary, so at first sight one might be puzzled by the absence of a holomorphic map from 
a sphere to a torus. But recalling that the torus arises from the periodic identifications, 
we still have the worldsheet instantons but now they wrap the boundary torus multiple 
times. 

In section 3 we discussed BCFT correlation functions on the extended boundary. It is 
straightforward to extend this discussion to string theory. We need to again transform from 
the Jr, Jl basis to the u + , w_-basis. First, the vertex operators ( |5.1| ) can be analytically 
continued to any of the other regions l^i?72, ^Vi r ]2 by a suitable analytic continuation of the 
boundary coordinates u' + ,u'_. In order to compute a BCFT 2-point function associated 
with a pair of such string states, it is convenient to start from the expression ( |4.16| ), use 
the transformation ( |5.28| ) and remember that the operators scale like (j, j)-tensors. In this 
way, one obtains for example the BCFT two-point function 



Continuation to other regions is the same as in ( |3.9|) (|3.10| ). 

5. 5. Spectral flowed 2-point functions 

Having obtained the two-point function for unflowed operators, we proceed as in 
Section 4 and compute the spectral flowed two-point function. For convenience, we first 
alter some of our notations somewhat. Let us denote the eigenvalues of Jq, Jq in the 
unflowed basis as Jr, Jl and in a flowed basis as Jr, Jl- We first write the worldsheet 
two-point function, and use the labels J Rl Jl instead of a, a: 



(y/ + +( W+1 , W _ 1 )y/+ + ( W+2 , W _ 2 ))BCFT 

^ (2j-l)B(j) 




(5.37) 




z 2 ,z 2 )) = \z 12 \- 4A * S 2 (J' R + J R ) x 

n(2j - l)B(j)T(l - 2j)T{j - i J R )T(j + i J L ) 
T{2j)T(l-j-iJ R )T(l-j + iJ L ) 



) 



(5.38) 



Under spectral flow, this becomes 



(^(j+j'-l) + 5(j-f) 




(5.39) 



with 



Jr — Ji? + knTn , Jl = Jl — knTn 



(5.40) 
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and 

Aj = A,- - 27rTnJ R - hUTu) 2 

- _ \ (5.41) 

A j = Aj + 2irTnJ L - k(TrTn) 2 . 

Note again that in the Euclidean section the parameters are complex valued. Therefore, 
the conformal weights Aj, Aj appear to be complex. However, we are interested in the 
2-point functions in the Lorentzian section, so we must again remember to analytically 
continue all the parameters. Upon the analytic continuation, the parameters are replaced 
by their values in the Lorentzian BTZ geometry, which all take real values. In particular, 
the conformal weights are again real. 

As before, specific choices for the spin j yield 2-point functions for short or long 
strings. In particular we can obtain two-point functions for strings which wind around the 
black hole. 



6. Discussion 

In this work we have discussed the computation of supergravity and string theory 
correlation functions in the background of the extended BTZ black hole. These were 
related to correlation functions in the dual CFT living on the disconnected boundary of 
the spacetime. The organizing principle was to use an appropriate analytic continuation 
from Euclidean signature. We conclude this paper with a discussion of some open questions 
related to our work. 

• The main outstanding issue is probably that of backreaction. There are good rea- 
sons to expect large effects in the extended geometry due to the presence of closed 
timelike curves, and these could invalidate perturbation theory. This was pointed out 
in the original work [|l|, and related issues have been the subject of recent discussion 
33,p5lp6|,|3^| . In principle, this issue can be addressed by studying scattering pro- 



cesses. If perturbation theory is indeed breaking down, one can still hope to make 
some progress due to the fact that there is a well-defined holographic dual theory 
living on the boundary. 

The correlation functions that we have discussed are those of non-normalizable vertex 
operators, corresponding to inserting operators in the boundary CFT. These are the 
correlation functions which can be deduced by analytic continuation from Euclidean 
signature. On the other hand, in Lorentzian signature there are also normalizable 
vertex operators, and in fact it is these that transform in unitary representations 
of SL(2,R) x SL(2,R). Experiments performed by physical observers correspond to 
transition amplitudes between normalizable states in the Hilbert space, and so in 
string theory should correspond to correlation functions of normalizable vertex op- 
erators. The normalizable correlation functions are in principle determined by the 
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non-normalizable ones, in the same way as in field theory the transition amplitudes 
between normalizable states are determined by the vacuum correlation functions, but 
this is somewhat indirect. On the other hand, computing these directly apparently 
requires working in Lorentzian signature, and dealing with the unboundedness of the 
corresponding worldsheet theory. 

• One of the main motivations to study black hole spacetimes in string theory is to ad- 
dress the information paradox. To formulate the paradox one really needs to consider 
a situation in which a black hole forms from collapse and then evaporates completely 
(or conceivably leaves a remnant), since it is in this setup that unitarity and locality 
seem to clash. In the eternal black hole there is no paradox: information thrown at 
the black hole by one asymptotic observer may or may not be radiated back to this 
observer; but if not, unitarity is retained simply by taking into account the other 
regions into which the information can flow. Studying the collapse scenario in string 
theory requires some new ingredients. In order to use worldsheet methods one needs 
a conformal field theory representing matter collapsing to form a black hole. This is 
clearly a situation in which continuation to Euclidean signature is impossible, so one 
has to learn to compute in Lorentzian signature. Hopefully, the lessons learned from 
studying toy models like time-dependent orbifolds will be of use here. 
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